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Summary 

Calculation method of confidence intervals for 
copolymerization reactivity ratios determined by the 
linear Kelen-TGd~s method is described, both for low 
and high conversions. The intervals as well as the con- 
fidence regions were compared with those obtained using 
non-linear estimation. No considerable deviations were 
found either in the parameter values or in their error& 

Introduction 

In our earlier work (KELEN and TUD~S, 1975) we 
proposed a simple, graphically evaluable linear method 
for determining reactivity ratios r I and r 2 of the 
copolymerization composition equatT~n -- 

dPl - ml rlml + m2 (i) 
dp2 m2 r2m2 + m I 

where molar quantities of the components are m I and m_/2 
in the monomer mixture, Pl and P2 in the polymer. 
According to the method p~oposed, the following linear 
equation can be used: 

-• r2 r2 
-- ~ r1~ (i-t) (2) n = (rl + )5 -- ~ 

where 

G F 
and ~ - (3) 

q = a + F ~ + F 

which contain F and G transformed variables: 
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Pl \m~/ 

~o 
and G = PI-P2 u~ (4) 

Pl 0 
m2 

at low conversions, i.e., when 

dPl ~ Pl and m I = m~ (5) 
dP2 P2 m 2 o 

m2 

In a later publication (TUD~S et al., 1976) we showed 
that the method, principially applicable only to in- 
finitesimally low conversions, can be extended with 
very good approximation also for high conversions. In 
these cases the definitions of F and G are according 
to Eqs. (6): 

0 

= ~--~//log m~ 

and (6) 

0 O 

G = P1-P2(log m2-P2/log ml-p]) 
P2 m~ m~ 

It can be shown, that the limiting cases of Eq. 
(2) for ~ + 0 and ~ § ~ are equivalent to the two forms 
of the Finemann-Ross equation. Thus, ~ is a parameter 
of syn~netrization, the optimal value of which for a 
given series of measurements being 

= ~Fmin. Fma x (7) 

i.e., the geometric mean of the lowest and highest 
values. 

The copolymerization reactivity ratios may be de- 
termined by using Eq. (2) graphically or by applying 
a linear least-squares evaluation, i.e., by searching 
the minimum of the residual sum of squares: 
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The solution of this linear problem is 

r I = ~ ~iqi'E(l-$i ) -- E~i(l-$i).E(l-~i)n 

= ~ [ 2"z(l-~i)qi~ r2 D E~iqi'E$i(l-~i ) -- E~i 

where D stands for 

(9) 

D = E~i2"E(l-~i )2 -- [E~i(l-~i) ] 2 (lO) 

The method described here has found many applica- 
tions in the literature. We would refer to our work 
with Kennedy where we made use of the discriminating 
power of the method: the linearity of the plot made 
with Eq. (2) rigorously proves the validity of the 
assumptions implicit in the copolymer composition equa- 
tion (i). Based on this method cationic reactivity ra- 
tios have been critically reexamined (KENNEDY et al., 
1975; KELEN et al., 1977). Since this time no method 
has been published on the determination of the confi- 
dence of the parameters; the aim of our present work 
is to give a short description of the method applied. 

Confidence of the Estimated Parameters. 

It is well known that the use of least squares 
estimation is legitimate only in case the errors of 
the dependent variable are normally distributed and 
their magnitude is constant. We may assume that in the 
estimation of copolymerization parameters these demands 
are satisfactorily fulfilled by choosing the copolymer 
composition expressed in mole fractions as the depend- 
ent variable (BEHNKEN, 1964; TIDWELL and MORTIMER, 
1965, 1970). The estimation procedure is then non-lin- 
ear involving typical difficulties of the method. 

According to this, considering the error structure, 
the application of the least-squares treatment in the 
Eq. (2) is not strictly correct. On the other hand, 
linearity is from other aspects so advantageous that 
its use is justified if the value and accuracy of the 
parameters satisfactorily agree with those obtained by 
the non-linear treatment. 

The values of the estimated parameters can be 
directly calculated by Eqs. (9). Similarly, the 1OO8 % 



74 

confidence intervals are obtainable by standard methods 
(see, e.g., BEHNKEN, 1964 or WILKS, 1963): 

~S~in ~(l-~i) 2 
Ar I = • t8(n-2) V n-2 D 

•/Sm2in ~ ~i 2 
Ar2 = -+ ~tB(n-2) V ~ D 

(ll) 

where ~in is the minimum value of expression (7), 
i.e., its value calculated with the parameters esti- 
mated by (9), ts(n-2) is the tabulated value of the 
Student distribution for n data (i.e., n-2 degree of 
freedem) on the 8 probabiTity level (see Table I). 

TABLE I 

Selected values of the Student distribution 
for B = 0.95 probability level 

n 3 4 5 6 7 8 9 iO 

ts(n-2)o 12.71 4.30 3.18 2.78 2.57 2.45 2.37 2.31 

Reactivity ratios and the corresponding 95 ~ confi- 
dence intervals were determined for a large number of 
real copolymerization systems by the linear method de- 
scribed above. For these systems we calculated also 
the 95 ~ joint confidence regions with the algorithm 
described in the literature (e.g., BEHNKEN, 1964), 
using Eq. (7) in the contour equation. 

The results were compared with the respective val- 
ues of non-linear calculations. It has been establimhed 
that there is no significant deviation between the re- 
sults obtained by these methods: both the joint confi- 
dence regions (error ellipses) and the rectangles cor- 
responding to the confidence intervals are greatly 
overlapping. Typical examples are shown in Figs. i. 
and 2. 
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Figure i. Confidence intervals (rectangles) and joint 
confidence regions (ellipses) corresponding to the 
non-linear least-squares (full line) and to the 
Kelen-T~d~s (dotted line) methods. System: styrene/ 
indene/TiCl4/CH2Cl 2 (ANTON and MAR~CHAL, 1971). 
Scaling according to the non-linear estimation: r I = 
0.633 • O.161, r 2 = 4.461 • 0.903; the KT-values: 
rl = 0.650 • 0.231, r 2 = 4.610 • 0.584. 

1,5r= I 

0,51 
O,5r, 

frye,, 

I 

%5~ 

Figure 2. See Fig. i. System: styrene/methyl methacry- 
late/benzoyl peroxide/60~ (WILEY and SALE, 1960). 
Scaling according to the non-linear estimation: 
rl = O.471 • 0.069, r 2 = 0.462 • 0.058; the KT- 
values: rl = O.471 • 0.079, r 2 = 0.464 • 0.059. 
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We compared also the estimated parameters, confi- 
dence intervals and joint confidence regions obtained 
by the two methods for a number of "synthetic" data 
series i.e., when calculated copolymer composition 
values were modified by normally distributed random 
error. No marked deviation could be observed either in 
the parameters or their confidence interval. 
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